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Exercise 1. Let CY_(R,R3) be the space of continuous 27-periodic functions. The Douglas functional
is defined for all f € C9_(R,R3) by

D(f) = 477/%/% H ))| df dep

coincides with the Dirichlet energy of its harmonic extension (to be defined below)

_1 2
= 2/D|Vu| dx.
L2 2T f6) — fo)?
H= E/O /0 Wded(p'

2. Using the Poisson formula (or the theory of Fourier series), show that if f € C°(R,R?) is a 27-
periodic function, the only function u € C?(D,R3) N C%(D, R?) such that
Au=0 in D
u€®)=fO) VOeR

1. Show that

is given by
u(re®) = fao + Z (an cos(nd) + by, sin(nd)),

1 2T 1 2m
where a, = — f(0) cos(nd)df and b, = — f(6) sin(nd)de.
T Jo T Jo
We say that u is the harmonic extension of f.

3. Show that for all n > 1, we have
1 27 27
anl? + bul? = 5 / F0)1(0) cos(n(0 — )b di

27r 27
S / ()2 cos(n(6 — )0 dip

4. Show that for all 0 < r < 1, we have
1
By (u) = 7/ Vul2dz — 12 (|an |2 + by
2 JB(o,r Z g2
5. Define

— Z nr?" cos(na) forall 0 <r<1
Q(r,a) = S
—_— f =1
4 sin? (%) orr

and deduce that

1 2m 2m
E.(u)= E/o ; Q(r,0 — )| f(0) — f(p)]?dOdp forall 0 <r < 1.
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6. Show that Q(r,a) < Q(1,«) for all 0 < r < 1 and that Q(r, @) — Q(1, @) for all & # 0 (mod 27).

7. Assuming that D(f) < oo, deduce that

Er(u) — E(u) = D(f).

r—1
8. Conversely, assume that E(u) < co and for all 0 < e < 7, let
R(e) = [0,27] x [0,27] N {(0, ) : [e” — ™| > €}

Show that for all 0 < € < 7, we have
/ QO QI0) ~ TP < dr Bw) < oo
R(e

9. Deduce that D(f) < co and conclude the proof of the theorem.



